
11. cvičeńı M3 29.11.2023

Lineárńı soustavy s konstantńımi koeficienty (autonomńı)

Homogenńı soustava

Ẋ = AX , A . . . n× n , det(A) ̸= 0

eλ t V je netriviálńı řešeńı ⇐⇒ λ je vl. č́ıslo a V je vlastńı vektor matice A

Nehomogenńı soustava
Ẋ = AX+B

X = XH +XP

XP je bod rovnováhy, tj. ẊP = O : AXP +B = O ⇐⇒ XP = −A−1B

Př́ıklad 11.1 Najděte obecné řešeńı homogenńı soustavy z př. 10.5, tj.

Ẋ =

(
0 1
6 −1

)
X

Řešeńı

• vlastńı č́ısla:

∣∣∣∣−λ 1
6 −1− λ

∣∣∣∣ = λ (1 + λ)− 6 = λ2 + λ− 6 = 0 ⇒ λ1 = 2, λ2 = −3

• vlastńı vektory:

λ1 = 2: −2x+ y = 0 ⇐⇒ y = 2x , V(1) =

[
1
2

]
λ2 = −3: 3x+ y = 0 ⇐⇒ y = −3x , V(2) =

[
1

−3

]

XH = c1 e
λ1 t V(1) + c2 e

λ2 tV(2) = c1 e
2 t

[
1
2

]
+ c2 e

−3 t

[
1

−3

]
, t ∈ R, c1, c2 ∈ R

Př́ıklad 11.2 Najděte řešeńı Cauchyho úlohy

Ẋ =

(
−2 2
−2 −2

)
X , X(0) =

[
2
−3

]
Řešeńı

• vlastńı č́ısla:

∣∣∣∣−2− λ 2
−2 −2− λ

∣∣∣∣ = (2 + λ)2 + 4 = λ2 + 4λ+ 8 = 0 ⇒ λ1,2 = −2± 2i

• vlastńı vektor k λ1 = −2− 2i:

(−2 + 2 + 2i)x+ 2y = 0 ⇐⇒ y = −i x , V(1) =

[
1
−i

]
(vl. vekt. k λ2 je komplexně sdružený, ale k nalezeńı reálného FS jej nepotřebujeme)

máme jedno komplexńı řešeńı X(1) = eλ1 t V(1) = e(−2−2i) t

[
1
−i

]
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• nalezeńı reálného FS:
pomoćı Eulerovy formule vyjádř́ıme reálnou a komplexńı část komplexńıho řešeńı X(1)

X(1) = e(−2−2i) t

[
1
−i

]
= e−2 t(cos(−2 t) + i sin(−2 t))

[
1
−i

]
= e−2 t(cos(2 t)− i sin(2 t))

[
1
−i

]
=

= e−2 t

[
cos(2 t)− i sin(2 t)

−i (cos(2 t)− i sin(2 t))

]
= e−2 t

[
cos(2 t)− i sin(2 t)
−i cos(2 t)− sin(2 t)

]
=

= e−2 t

([
cos(2 t)
− sin(2 t)

]
+ i

[
− sin(2 t)
− cos(2 t)

])
, FS =

{
e−2 t

[
cos(2 t)
− sin(2 t)

]
, e−2 t

[
sin(2 t)
cos(2 t)

]}

X = XH = c1 e
−2 t

[
cos(2 t)
− sin(2 t)

]
+ c2 e

−2 t

[
sin(2 t)
cos(2 t)

]
= e−2 t

[
c1 cos(2 t) + c2 sin(2 t)
−c1 sin(2 t) + c2 cos(2 t)

]
, t ∈ R, c1, c2 ∈ R

• dosazeńı počátečńı podmı́nky:[
2
−3

]
= X(0) =

[
c1 · 1 + c2 · 0
−c1 · 0 + c2 · 1

]
⇒ c1 = 2, c2 = −3

X(t) = e−2 t

[
2 cos(2 t)− 3 sin(2 t)
−2 sin(2 t)− 3 cos(2 t)

]
, t ∈ R

Př́ıklad 11.3 Najděte řešeńı Cauchyho úlohy

Ẋ =

(
1 3
3 1

)
X+

[
−1
5

]
, X(0) =

[
4
3

]
Řešeńı

• vlastńı č́ısla:

∣∣∣∣1− λ 3
3 1− λ

∣∣∣∣ = (1−λ)2−9 = 1−2λ+λ2−9 = λ2−2λ−8 = 0 ⇒ λ1 = 4, λ2 = −2

• vlastńı vektory:

λ1 = 4: −3x+ 3 y = 0 ⇐⇒ y = x , V(1) =

[
1
1

]
λ2 = −2: 3x+ 3 y = 0 ⇐⇒ y = −x , V(2) =

[
1

−1

]

XH = c1 e
λ1 t V(1) + c2 e

λ2 tV(2) = c1 e
4 t

[
1
1

]
+ c2 e

−2 t

[
1

−1

]
, t ∈ R, c1, c2 ∈ R

• partikulárńı řešeńı – bod rovnováhy BR:

Ẋ =

[
0
0

]
⇒

(
1 3
3 1

)
X+

[
−1
5

]
=

[
0
0

]
⇒ x+ 3 y = 1

3x+ y = −5
⇒ x = −2 , y = 1

BR = [−2, 1] – jediné řešeńı, protože matice soustavy je regulárńı

X = XH +XP = c1 e
4 t

[
1
1

]
+ c2 e

−2 t

[
1

−1

]
+

[
−2
1

]
, t ∈ R, c1, c2 ∈ R
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• dosazeńı počátečńı podmı́nky:[
4
3

]
= X(0) = c1

[
1
1

]
+ c2

[
1

−1

]
+

[
−2
1

]
⇒ c1 + c2 − 2 = 4

c1 − c2 + 1 = 3
⇒ c1 = 4

c2 = 2

X(t) = 4 e4 t
[
1
1

]
+ 2 e−2 t

[
1

−1

]
+

[
−2
1

]
, t ∈ R

Př́ıklad 11.4 Najděte řešeńı Cauchyho úlohy

Ẋ =

(
1 −5
2 −1

)
X , X

(π
2

)
=

[
2
1

]
Řešeńı

• vlastńı č́ısla:

∣∣∣∣1− λ −5
2 −1− λ

∣∣∣∣ = −(1−λ)(1+λ)+10 = −(1−λ2)+10 = λ2+9 = 0 ⇒ λ1,2 = ±3i

• vlastńı vektor k λ1 = 3i:

(1− 3i)x− 5 y = 0 ⇐⇒ 5 y = (1− 3i)x , V(1) =

[
5

1− 3i

]
máme jedno komplexńı řešeńı X(1) = eλ1 t V(1) = e3i t

[
5

1− 3i

]
• nalezeńı reálného FS – použit́ım Eulerovy formule:

X(1) = e3i t
[

5
1− 3i

]
= (cos(3 t) + i sin(3 t))

[
5

1− 3i

]
=

[
5 cos(3 t) + i 5 sin(3 t)

(1− 3i) (cos(3 t) + i sin(3 t))

]
=

=

[
5 cos(3 t) + i 5 sin(3 t)

cos(3 t) + i sin(3 t)− i 3 cos(3 t) + 3 sin(3 t)

]
=

=

[
5 cos(3 t)

cos(3 t) + 3 sin(3 t)

]
+ i

[
5 sin(3 t)

sin(3 t)− 3 cos(3 t)

]
,

FS =

{[
5 cos(3 t)

cos(3 t) + 3 sin(3 t)

]
,

[
5 sin(3 t)

sin(3 t)− 3 cos(3 t)

]}

X = XH = c1

[
5 cos(3 t)

cos(3 t) + 3 sin(3 t)

]
+ c2

[
5 sin(3 t)

sin(3 t)− 3 cos(3 t)

]
, t ∈ R, c1, c2 ∈ R

• dosazeńı počátečńı podmı́nky:[
2
1

]
= X(π

2
) = c1

[
0
−3

]
+ c2

[
−5
−1

]
⇒ −5 c2 = 2

−3 c1 − c2 = 1
⇒ c1 = −1

5

c2 = −2
5

X = −1
5

[
5 cos(3 t)

cos(3 t) + 3 sin(3 t)

]
− 2

5

[
5 sin(3 t)

sin(3 t)− 3 cos(3 t)

]
=

[
− cos(3 t)− 2 sin(3 t)
cos(3 t)− sin(3 t)

]
, t ∈ R
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Př́ıklad 11.5 Najděte řešeńı Cauchyho úlohy

Ẋ =

(
1 −1
1 3

)
X , X(0) =

[
−5
2

]
Řešeńı

• vlastńı č́ısla:

∣∣∣∣1− λ −1
1 3− λ

∣∣∣∣ = (1− λ) (3− λ) + 1 = λ2 − 4λ+ 4 = (λ− 2)2 = 0 ⇒ λ1,2 = 2

• vlastńı vektor:

λ = 2: −x− y = 0 ⇐⇒ y = −x , V(1) =

[
1
−1

]
• jedno řešeńı je tedy X(1) = e2 t

[
1
−1

]
, druhé (nezávislé) řešeńı hledáme ve tvaru

X(2) = tX(1) + e2 t Z = t e2 t
[
1
−1

]
+ e2 t Z , kde Z řeš́ı (A− λI)Z = V(1) (tj. (A− λI)2 Z = O) :(

1− λ −1
1 3− λ

)[
xz

yz

]
=

[
1
−1

]
⇒

(
−1 −1
1 1

)[
xz

yz

]
=

[
1
−1

]
⇒ −xz − yz = 1

xz + yz = −1
, např. Z =

[
−1
0

]

X(2) = t e2 t
[
1
−1

]
+ e2 t

[
−1
0

]
= e2 t

[
t− 1
−t

]

X = c1X
(1) + c2X

(2) = c1 e
2 t

[
1
−1

]
+ c2 e

2 t

[
t− 1
−t

]
= e2 t

[
c1 − c2 + c2 t
−c1 − c2 t

]
, t ∈ R, c1, c2 ∈ R

• dosazeńı počátečńı podmı́nky:[
−5
2

]
= X(0) =

[
c1 − c2
−c1

]
⇒ c1 − c2 = −5

−c1 = 2
⇒ c1 = −2

c2 = 3

X(t) = −2 e2 t
[
1
−1

]
+ 3 e2 t

[
t− 1
−t

]
= e2 t

[
−5 + 3 t
2− 3 t

]
, t ∈ R

Jiný zp̊usob nalezeńı FS a obecného řešeńı:

X(1) = eλ t (I+ t (A− λI))

[
1
0

]
= e2 t

((
1 0
0 1

)
+ t

(
−1 −1
1 1

))[
1
0

]
= e2 t

(
1− t −t
t 1 + t

)[
1
0

]
= e2 t

[
1− t
t

]

X(2) = eλ t (I+ t (A− λI))

[
0
1

]
= e2 t

(
1− t −t
t 1 + t

)[
0
1

]
= e2 t

[
−t
1 + t

]

X = c1X
(1) + c2X

(2) = c1 e
2 t

[
1− t
t

]
+ c2 e

2 t

[
−t
1 + t

]
= e2 t

[
c1 − t (c1 + c2)
c2 + t (c1 + c2)

]
• dosazeńı počátečńı podmı́nky:[
−5
2

]
= X(0) =

[
c1
c2

]
⇒ c1 = −5

c2 = 2

X(t) = −5 e2 t
[
1− t
t

]
+ 2 e2 t

[
−t
1 + t

]
= e2 t

[
−5 + 3 t
2− 3 t

]
, t ∈ R
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Eliminačńı metoda

Př́ıklad 11.6 Určete obecné řešeńı soustavy z př. 10.5 a 11.1, tj.

ẋ = y

ẏ = 6 x− y

Řešeńı

1. Z prvńı rovnice vyjádř́ıme y: y = ẋ

2. Derivujeme: ẏ = ẍ

3. Obě funkce y a ẏ dosad́ıme do druhé rovnice a urč́ıme x:

ẏ = 6 x− y

ẍ = 6 x− ẋ

ẍ+ ẋ− 6x = 0

λ2 + λ− 6 = 0 ⇒ λ1 = 2, λ2 = −3, FS = {e2 t, e−3 t}, x = c1 e
2 t + c2 e

−3 t

4. Dopoč́ıtáme y (z rovnice, kterou jsme si vyjádřili v 1. kroku): y = ẋ = 2 c1 e
2 t − 3 c2 e

−3 t

vektorově: X =

[
x
y

]
=

[
c1 e

2 t + c2 e
−3 t

2 c1 e
2 t − 3 c2 e

−3 t

]
= c1 e

2 t

[
1
2

]
+ c2 e

−3 t

[
1
−3

]
, t ∈ R, c1, c2 ∈ R

Př́ıklad 11.7 Určete obecné řešeńı nehomogenńı soustavy

ẋ = 4 y − 2x+ 3 e3t

ẏ = x+ y − 2 e3 t

Řešeńı

1. Z druhé rovnice vyjádř́ıme x (abychom se vyhnuli zlomk̊um): x = ẏ − y + 2 e3 t

2. Derivujeme: ẋ = ÿ − ẏ + 6 e3 t

3. Obě funkce x a ẋ dosad́ıme do prvńı rovnice a urč́ıme y:

ẋ = 4 y − 2x+ 3 e3t

ÿ − ẏ + 6 e3 t = 4 y − 2 (ẏ − y + 2 e3 t) + 3 e3t

ÿ + ẏ − 6 y = −7 e3 t

řešeńı homogenńı rovnice:

λ2 + λ− 6 = 0 ⇒ λ1 = 2, λ2 = −3, FS = {e2 t, e−3 t}, yH = c1 e
2 t + c2 e

−3 t

partikulárńı řešeńı:

yP = c e3 t , ẏP = 3 c e3 t , ÿP = 9 c e3 t , dosad́ıme do nehomogenńı rovnice:

9 c e3 t + 3 c e3 t − 6 c e3 t = −7 e3 t

6 c e3 t = −7 e3 t ⇒ c = −7

6

y = yH + yP = c1 e
2 t + c2 e

−3 t − 7
6
e3 t t ∈ R, c1, c2 ∈ R
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4. Dopoč́ıtáme x (z rovnice, kterou jsme si vyjádřili v 1. kroku):

ẏ = 2 c1 e
2 t − 3 c2 e

−3 t − 3 · 7
6
e3 t

x = ẏ − y + 2 e3 t = 2 c1 e
2 t − 3 c2 e

−3 t − 3 · 7
6
e3 t︸ ︷︷ ︸

ẏ

−(c1 e
2 t + c2 e

−3 t − 7

6
e3 t︸ ︷︷ ︸

y

) + 2 e3 t

x = c1 e
2 t − 4 c2 e

−3 t + (−3 · 7
6
+ 7

6
+ 2) e3 t = c1 e

2 t − 4 c2 e
−3 t − 1

3
e3 t

x = c1 e
2 t − 4 c2 e

−3 t − 1
3
e3 t t ∈ R, c1, c2 ∈ R

vektorově:

X =

[
x
y

]
=

[
c1 e

2 t − 4 c2 e
−3 t − 1

3
e3 t

c1 e
2 t + c2 e

−3 t − 7
6
e3 t

]
= c1 e

2 t

[
1
1

]
+ c2 e

−3 t

[
−4
1

]
− 1

6
e3 t

[
2
7

]
, t ∈ R, c1, c2 ∈ R

Zkouška: mohli bychom dosadit řešeńı x a y do zadaných dvou rovnic.

Nebo můžeme využ́ıt struktury řešeńı soustavy lin. rovnic, zapsat si všechno ve vektorovém tvaru
a rozdělit si zkoušku na dvě části.

Zadaná soustava rovnic ve vektorovém tvaru:

Ẋ =

(
−2 4
1 1

)
X+ e3 t

[
3

−2

]

Řešeńı, jehož správnost chceme ověřit: X = c1 e
2 t

[
1
1

]
+ c2 e

−3 t

[
−4
1

]
− 1

6
e3 t

[
2
7

]
Známe jeho strukturu: X = XH +XP ,

XH = c1 e
2 t

[
1
1

]
+ c2 e

−3 t

[
−4
1

]
, XP = −1

6
e3 t

[
2
7

]
, FS =

{
e2 t

[
1
1

]
, e−3 t

[
−4
1

]}

• Ověř́ıme, že FS je správně: W (t) = e2 te−3 t

∣∣∣∣ 1 −4
1 1

∣∣∣∣ = e−t · (1 + 4) = 5 e−t ̸= 0 , t ∈ R

– obě (vektorové) funkce jsou lineárně nezávislé. Ještě nav́ıc muśı řešit homogenńı rovnici:

prvńı funkce:

L=2 e2 t
[
1
1

]
, P=

(
−2 4
1 1

) [
e2 t

e2 t

]
= e2 t

(
−2 4
1 1

) [
1
1

]
= e2 t

[
2
2

]
= 2 e2 t

[
1
1

]
, L=P

druhá funkce:

L=−3 e−3 t

[
−4
1

]
, P=e−3 t

(
−2 4
1 1

) [
−4
1

]
= e−3 t

[
12
−3

]
= −3 e−3 t

[
−4
1

]
, L=P

• Zbývá ověřit, že XP máme správně:

L=−3
6
e3 t

[
2
7

]
= −1

2
e3 t

[
2
7

]
,

P=−1
6
e3 t

(
−2 4
1 1

) [
2
7

]
+ e3 t

[
3

−2

]
= −1

6
e3 t

[
24
9

]
+ e3 t

[
3

−2

]
= −1

2
e3 t

([
8
3

]
+

[
−6
4

])
, L=P
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Dodatek: řešeńı Př́ıkladu 11.5 eliminačńı metodou

Př́ıklad 11.5 Najděte řešeńı Cauchyho úlohy

Ẋ =

(
1 −1
1 3

)
X , X(0) =

[
−5
2

]
Řešeńı

Soustavu si nejdř́ıv přeṕı̌seme jako dvě rovnice:

ẋ = x− y x(0) = −5

ẏ = x+ 3 y y(0) = 2

Eliminačńı metoda:

1. Z prvńı rovnice vyjádř́ıme y: y = x− ẋ

2. Derivujeme: ẏ = ẋ− ẍ

3. Obě funkce y a ẏ dosad́ıme do druhé rovnice a urč́ıme x:

ẏ = x+ 3 y

ẋ− ẍ = x+ 3 (x− ẋ)

ẍ− 4 ẋ+ 4x = 0

λ2 − 4λ+ 4 = 0 ⇒ λ1,2 = 2, FS = {e2 t, t e2 t}, x = c1 e
2 t + c2 t e

2 t

4. Dopoč́ıtáme y (z rovnice, kterou jsme si vyjádřili v 1. kroku):

ẋ = 2 c1 e
2 t + c2 e

2 t + c2 t 2 e
2 t

y = x− ẋ = c1 e
2 t + c2 t e

2 t − (2 c1 e
2 t + c2 e

2 t + c2 t 2 e
2 t)

y = −c1 e
2 t − c2 e

2 t − c2 t e
2 t

vektorově: X =

[
x
y

]
=

[
c1 e

2 t + c2 t e
2 t

−c1 e
2 t − c2 e

2 t − c2 t e
2 t

]
= (c1 + c2 t) e

2 t

[
1
−1

]
+ c2 e

2 t

[
0
−1

]
,

t ∈ R, c1, c2 ∈ R

Dosazeńı počátečńıch podmı́nek:

x(0) = −5 = c1 , y(0) = 2 = −c1 − c2 = 5− c2 ⇒ c2 = 3

x = −5 e2 t + 3 t e2 t , y = 5 e2 t − 3 e2 t − 3 t e2 t = 2 e2 t − 3 t e2 t , t ∈ R

vektorově: X =

[
x
y

]
=

[
−5 e2 t + 3 t e2 t

2 e2 t − 3 t e2 t

]
= e2 t

[
−5 + 3 t
2− 3 t

]
, t ∈ R
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