
8. cvičeńı M3 6.11.2022

Lineárńı dif. rovnice 2. řádu s konstantńımi koeficienty

Homogenńı rovnice:

y′′ + p y′ + q y = 0 , p, q ∈ R (1)

řešeńı hledáme ve tvaru y = eλt, tedy

(eλt)′′ + p (eλt)′ + q eλt = 0

λ2 eλt + p λ eλt + q eλt = 0 / : eλt

λ2 + p λ+ q = 0 . . . charakteristická rovnice s kořeny λ1, λ2

z λ1, λ2 urč́ıme fundamentálńı systém:

{
λ1 6= λ2 ⇒ FS = {eλ1t, eλ2t}
λ1 = λ2 ⇒ FS = {eλ1t, t eλ1t}

(fundamentálńı systém FS = {ϕ1, ϕ2} rovnice (1) je dvojice lin. nezáv. řešeńı ϕ1, ϕ2 této rovnice)

obecné řešeńı homogenńı rovnice: yH = c1 ϕ1(t) + c2 ϕ2(t) , c1, c2 ∈ R , t ∈ R

pro komplexńı kořeny λ1,2 = α± β i, β 6= 0, źıskáme reálný FS použit́ım Eulerovy formule:

eλ1t = e(α+β i) t = eα t (cos(β t) + i sin(β t) )

FS = {eα t cos(β t), eα t sin(β t)}

Př́ıklad 8.1: najděte obecné řešeńı úloh

(a) y′′ − 2 y′ − 3 y = 0

(b) y′′ − 4 y′ + 4 y = 0

(c) y′′ + 4 = 0

(d) y′′ − 2 y′ + 10 y = 0

Řešeńı:

(a) λ2 − 2λ− 3 = 0 ⇒ λ1 = −1, λ2 = 3, FS = {e−t, e3t}
yH = c1 e−t + c2 e3t , c1, c2 ∈ R

(b) λ2 − 4λ+ 4 = 0 ⇒ λ1 = λ2 = 2, FS = {e2t, t e2t}
yH = c1 e2t + c2 t e2t , c1, c2 ∈ R

(c) λ2 + 4 = 0 ⇒ λ1,2 = ±2i, FS = {cos 2t, sin 2t}
yH = c1 cos 2t+ c2 sin 2t , c1, c2 ∈ R

(d) λ2 − 2λ+ 10 = 0 ⇒ λ1,2 = 1± 3i, FS = {et cos 3t, et sin 3t}
yH = c1 et cos 3t+ c2 et sin 3t , c1, c2 ∈ R
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Nehomogenńı rovnice:

y′′ + p y′ + q y = f(x) , p, q ∈ R (2)

partikulárńı řešeńı nehomogenńı rovnice: yP – jedno libovolné konkrétńı řešeńı

obecné řešeńı nehomogenńı rovnice: y = yH + yP

Metoda odhadu:

předp. f(t) = eαt (p(t) cos βt+ q(t) sin βt), t ∈ R, α, β ∈ R, p(t), q(t) polynomy, tj.

f(t) = p(t) eαt cos βt+ q(t) eαt sin βt

Obecný vzorec pro yP je ve skriptech na str. 57-58, odst. 5.6, vzorec (5.6.3).
Zde procvičujeme konkrétńı jednotlivé př́ıpady:

(I) eαt cos βt, eαt sin βt nejsou řešeńı homogenńı rovnice, tj. α± βi neńı kořen charakt. polynomu;
pak řešeńı yP hledáme v (obecném) tvaru pravé strany:

yP = p̃(t) eαt cos βt+ q̃(t) eαt sin βt, st.p̃ = st.q̃ = max. st. p, q

Př́ıklad 8.2: vyřešte počátečńı (Cauchyho) úlohy

(a) y′′ − 2 y′ − 3 y = 5 e−2t , y(0) = 2, y′(0) = −3

(b) y′′ − 2 y′ = 8 sin 2t , y(0) = 6, y′(0) = 2

(c) y′′ − 4 y′ + 4 y = 4 t , y(0) = −1, y′(0) = 1

Řešeńı:

(a) FS = {e−t, e3t}, yH = c1 e−t + c2 e3t , c1, c2 ∈ R , viz př. 8.1 (a)

funkce e−2t pravé straně neńı řeš. homog. rovnice

– voĺıme proto yP = a e−2t a koeficient a dopoč́ıtáme dosazeńım do rovnice:

y′P = −2 a e−2t

y′′P = 4 a e−2t

y′′P − 2 y′P − 3 yP = 5 e−2t

4 a e−2t − 2(−2 a e−2t)− 3 a e−2t = 5 e−2t

5 a e−2t = 5 e−2t ⇒ a = 1, yP = e−2t

obecné řešeńı: y = yH + yP = c1 e−t + c2 e3t + e−2t , t ∈ R

dosazeńı poč. podmı́nky: y′ = −c1 e−t + 3 c2 e3t − 2 e−2t

2 = y(0) = c1 + c2 + 1 ⇒ c1 + c2 = 1
−3 = y′(0) = −c1 + 3 c2 − 2 ⇒ −c1 + 3 c2 = −1

}
c1 = 1, c2 = 0

y = e−t + e−2t , t ∈ R
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(b) λ2 − 2λ = 0 , λ1 = 0, λ2 = 2 , FS = {e0·t, e2t} = {1, e2t}, yH = c1 + c2 e2t , c1, c2 ∈ R

funkce sin 2t na pravé straně neńı řeš. homog. rovnice, neboli ±2i neńı kořen char. polyn.

– voĺıme proto yP = a cos 2t+ b sin 2t a koeficienty a, b dopoč́ıtáme dosazeńım do rovnice:

y′P = −2 a sin 2t+ 2 b cos 2t

y′′P = −4 a cos 2t− 4 b sin 2t

y′′P − 2 y′P = 8 sin 2t

L = −4 a cos 2t− 4 b sin 2t− 2(−2 a sin 2t+ 2 b cos 2t) = −4(a+ b)︸ ︷︷ ︸
=0

cos 2t+ 4(a− b)︸ ︷︷ ︸
=8

sin 2t

⇒ a = −b, a− b = 2 ⇒ a = 1, b = −1, yP = cos 2t− sin 2t

obecné řešeńı: y = yH + yP = c1 + c2 e2t + cos 2t− sin 2t , t ∈ R

dosazeńı poč. podmı́nky: y′ = 2 c2 e2t − 2 sin 2t− 2 cos 2t

6 = y(0) = c1 + c2 + 1 ⇒ c1 + c2 = 5
2 = y′(0) = 2 c2 − 2 ⇒ 2 c2 = 4

}
c1 = 3, c2 = 2

y = 3 + 2 e2t + cos 2t− sin 2t , t ∈ R

(c) FS = {e2t, t e2t}, yH = c1 e2t + c2 t e2t , c1, c2 ∈ R , viz př. 8.1 (b)

pravá strana je 4 t · e0·t cos 0 , 0 neńı kořen char. polynomu, 4 t je polynom 1. st.

– voĺıme proto yP = a t+ b a koeficienty a, b dopoč́ıtáme dosazeńım do rovnice:

y′P = a , y′′P = 0

y′′P − 4 y′P + 4 yP = 4 t

−4 a+ 4(a t+ b) = 4 t

4 a t− 4 a+ 4 b = 4 t ⇒ a = b = 1, yP = t+ 1

obecné řešeńı: y = yH + yP = c1 e2t + c2 t e2t + t+ 1 , t ∈ R

dosazeńı poč. podmı́nky: y′ = 2 c1 e2t + c2 e2t + 2 c2 t e2t + 1

−1 = y(0) = c1 + 1 ⇒ c1 = −2
1 = y′(0) = 2 c1 + c2 + 1 ⇒ 2 c1 + c2 = 0

}
c1 = −2, c2 = 4

y = −2 e2t + 4 t e2t + t+ 1 = (4 t− 2) e2t + t+ 1 , t ∈ R

zkouška – dosazeńım do úlohy:

y(0) = −2 + 0 + 1 = −1

y′ = −4 e2t + 4 e2t + 8 t e2t + 1 = 8 t e2t + 1, y′(0) = 1

y′′ = 8 e2t + 16 t e2t

L = y′′ − 4 y′ + 4 y = 8 e2t + 16 t e2t − 4(8 t e2t + 1) + 4(−2 e2t + 4 t e2t + t+ 1) =

= e2t(8− 4 · (−2)) + t e2t(16− 4 · 8 + 4 · 4) + 4 t− 4 + 4 = 4 t , L = P
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(II) eαt cos βt, eαt sin βt jsou řešeńı homogenńı rovnice, pak vynásob́ıme p̊uv. odhad t, př́ıp. t2:

Př́ıklad 8.3: vyřešte počátečńı (Cauchyho) úlohy

(a) y′′ + 9 y = 6 cos 3t , y(0) = 0, y′(0) = 1

(b) y′′ − 4 y′ + 4 y = 3 e2t , y(0) = −1, y′(0) = 0

(c) ÿ − 2 ẏ = 4 t , y(0) = 1, ẏ(0) = 3

Řešeńı:

(a) λ2 + 9 = 0 ⇒ λ1,2 = ±3i, FS = {cos 3t, sin 3t}, yH = c1 cos 3t+ c2 sin 3t , c1, c2 ∈ R

funkce cos 3t na pravé straně je řeš. homog. rovnice, funkce (a cos 3t+ b sin 3t) t́ım pádem taky,

voĺıme proto yP = t (a cos 3t+ b sin 3t) , což už neńı řeš. homog. rov.:

y′P = a cos 3t+ b sin 3t+ 3t (−a sin 3t+ b cos 3t)

y′′P = −3a sin 3t+ 3b cos 3t+ 3(−a sin 3t+ b cos 3t)− 9t (a cos 3t+ b sin 3t)

y′′P + 9 yP = 6 cos 3t

L = cos 3t (3b+ 3b− 9at+ 9at) + sin 3t (−3a− 3a− 9bt+ 9bt) = cos 3t · 6b+ sin 3t · (−6a)

⇒ a = 0, b = 1, yP = t sin 3t

obecné řešeńı: y = yH + yP = c1 cos 3t+ c2 sin 3t+ t sin 3t = c1 cos 3t+ (c2 + t) sin 3t , t ∈ R

dosazeńı poč. podmı́nky: y′ = −3c1 sin 3t+ sin 3t+ 3(c2 + t) cos 3t

0 = y(0) = c1
1 = y′(0) = 3 c2

}
c1 = 0, c2 =

1

3

y = (1
3

+ t) sin 3t , t ∈ R

(b) FS = {e2t, t e2t}, yH = c1 e2t + c2 t e2t , c1, c2 ∈ R , viz př. 8.1 (b)

funkce e2t na pravé straně je řeš. homog. rovnice, funkce t e2t taky,

voĺıme proto yP = a t2 e2t a koeficient a dopoč́ıtáme dosazeńım do rovnice:

y′P = a (2t e2t + 2t2 e2t) = 2a e2t(t+ t2)

y′′P = 4a e2t(t+ t2) + 2a e2t(1 + 2t)

y′′P − 4 y′P + 4 yP = 3 e2t

L = e2t(4a (t+ t2) + 2a (1 + 2t)− 8a (t+ t2) + 4a t2) = e2t(2a) ⇒ a = 3
2
, yP = 3

2
t2 e2t

obecné řešeńı: y = yH + yP = c1 e2t + c2 t e2t + 3
2
t2 e2t = e2t(c1 + c2 t+ 3

2
t2) , t ∈ R

dosazeńı poč. podmı́nky: y′ = 2 e2t(c1 + c2 t+ 3
2
t2) + e2t(c2 + 3t) = e2t(2c1 + c2 + (2c2 + 3) t+ 3t2)

−1 = y(0) = c1 ⇒ c1 = −1
0 = y′(0) = 2 c1 + c2 ⇒ 2 c1 + c2 = 0

}
c1 = −1, c2 = 2

y = e2t(−1 + 2 t+ 3
2
t2) , t ∈ R

4 c© Certik
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(c) FS = {1, e2t}, yH = c1 + c2 e2t , c1, c2 ∈ R – viz př. 8.2 (b)

pravá strana je 4 t · e0·t cos 0 , 1 ≡ e0·t cos 0 je řeš. homog. rovnice, 4 t je polynom 1. st.

– voĺıme proto yP = t (a t+ b) a koeficienty a, b dopoč́ıtáme dosazeńım do rovnice:

yP = a t2 + b t, ẏP = 2 a t+ b, ÿP = 2 a

ÿP − 2 ẏP = 4 t

L = 2 a− 2(2 a t+ b) = −4 a t+ 2 a− 2 b⇒ a = b = −1, yP = −t2 − t

obecné řešeńı: y = yH + yP = c1 + c2 e2t − t2 − t , t ∈ R

dosazeńı poč. podmı́nky: ẏ = 2 c2 e2t − 2 t− 1

1 = y(0) = c1 + c2 ⇒ c1 + c2 = 1
3 = ẏ(0) = 2 c2 − 1⇒ 2 c2 = 4

}
c1 = −1, c2 = 2

y = −1 + 2 e2t − t2 − t , t ∈ R

(III) když pravou stranu tvoř́ı součet předchoźıch možnost́ı, rozděĺıme úlohu na části

Př́ıklad 8.4 (zk. beta): je dána rovnice

ẍ− 9x = 5 e2t − 27

(a) Určete FS a obecné řešeńı homogenńı rovnice.

(b) Najděte partikulárńı řešeńı rovnice a zapǐste obecné řešeńı rovnice.

(c) Vyřešte Cauchyho úlohu pro počátečńı podmı́nky x(0) = 0, ẋ(0) = 1.

(d) V jakém tvaru bychom hledali partikulárńı řešeńı pro pravou stranu rovnou 2 t e−3t ?

Řešeńı:

(a) λ2 − 9 = 0 ⇒ λ1,2 = ±3, FS={e3t, e−3t}, xH = c1 e3t + c2 e−3t , t ∈ R

(b) xP1 = a e2t, ẍP1 = 4 a e2t, L = ẍ− 9x = 4 a e2t − 9 a e2t = −5 e2t ⇒ a = −1

xP2 = b, ẍP2 = 0, L = −9b ⇒ b = 3

xP = xP1 + xP2 = −e2t + 3, x = xH + xP = c1 e3t + c2 e−3t − e2t + 3 , t ∈ R

(c) dosazeńı poč. podmı́nky: ẋ = 3 c1 e3t − 3 c2 e−3t − 2 e2t

0 = x(0) = c1 + c2 − 1 + 3 ⇒ c1 + c2 = −2
1 = ẋ(0) = 3 c1 − 3 c2 − 2⇒ 3 c1 − 3 c2 = 3

}
c1 =

1

2
, c2 = −5

2

x = 1
2

e3t − 5
2

e−3t − e2t + 3 , t ∈ R

(d) pokud by e−3t nebylo řešeńı homog. rovnice, volili bychom xP = (at+ b) e−3t; jenže e−3t je

řešeńı homog. rovnice, a proto voĺıme xP = t (at+ b) e−3t (t e−3t neńı řeš. homog. rov.)
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Př́ıklad 8.5: pro nehom. úlohy dle př. 8.1 určete, v jakém tvaru byste hledali yP pro dané pravé strany:

(a) y′′ − 2 y′ − 3 y = (3 t2 − 1) e−t

(b) y′′ − 4 y′ + 4 y = t e2t sin 3t

(c) y′′ − 4 y′ + 4 y = t e2t

(d) y′′ + 4 = t2 cos 3t− 2 sin 3t

(e) y′′ − 2 y′ + 10 y = t et cos 3t

Řešeńı:

(a) λ1 = −1, λ2 = 3, FS = {e−t, e3t}
standardńı odhad je yP = (a t2 + b t+ c) e−t, a protože e−t je řešeńım homogenńı rovnice,

muśıme odhad ještě vynásobit t: yP = t (a t2 + b t+ c) e−t

(nebo: pravou stranu charakterizuje č́ıslo −1, to je kořen charakteristického polynomu

homogenńı rovnice, muśıme tedy p̊uvodńı odhad ještě vynásobit t)

(b) λ1 = λ2 = 2, FS = {e2t, t e2t}
standardńı odhad je yP = e2t ( (a t+ b) cos 3t+ (c t+ d) sin 3t),

a protože e2t sin 3t neńı řeš. homogenńı rovnice, už ho nebudeme dál upravovat

(nebo: pravou stranu charakterizuje č́ıslo 2 + 3i, to neńı kořen charakteristického polynomu

homogenńı rovnice, nebudeme tedy p̊uvodńı odhad yP dál upravovat)

(c) λ1 = λ2 = 2, FS = {e2t, t e2t}
standardńı odhad je yP = (a t+ b) e2t, ale to je řeš. homogenńı rovnice, takže jej nelze použ́ıt.

Protože λ1,2 = 2 je dvojný kořen charakt. rovnice, p̊uvodńı odhad yP vynásob́ıme t2:

yP = t2(a t+ b) e2t

(nebo: pravou stranu charakterizuje č́ıslo 2, to je dvojný kořen homogenńı rovnice, p̊uvodńı odhad
yP tedy vynásob́ıme t2)

(d) λ1,2 = ±2i, FS = {cos 2t, sin 2t}
standardńı odhad je yP = (a t2 + b t+ c) cos 3t+ (p t2 + q t+ r) sin 3t,

a protože cos 3t, sin 3t nejsou řeš. homogenńı rovnice, už ho nebudeme dál upravovat

(nebo: pravou stranu charakterizuje č́ıslo 3i, to neńı kořen charakteristického polynomu

homogenńı rovnice, nebudeme tedy p̊uvodńı odhad yP dál upravovat)

(e) λ1,2 = 1± 3i, FS = {et cos 3t, et sin 3t}
standardńı odhad je yP = et ( (a t+ b) cos 3t+ (c t+ d) sin 3t), a protože et cos 3t je

řešeńım homogenńı rovnice, muśıme odhad ještě vynásobit t:

yP = t et ( (a t+ b) cos 3t+ (c t+ d) sin 3t)

(nebo: pravou stranu charakterizuje č́ıslo 1 + 3i, to je kořen charakteristického polynomu

homogenńı rovnice, muśıme tedy p̊uvodńı odhad ještě vynásobit t)
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Př́ıklad 8.6: v následuj́ıćı tabulce je 5 r̊uzných homogenńıch rovnic a odpov́ıdaj́ıćıch kořen̊u charakt.
polynomu a FS (posledńı 2 sloupce jsou pro kontrolu, spoč́ıtejte je sami):

homog. rovnice λ1, λ2 FS

A y′′ + y′ − 6y = 0 λ1 = 2, λ2 = −3 {e2t, e−3t}
B y′′ + 3y′ = 0 λ1 = 0, λ2 = −3 {1, e−3t}
C y′′ − 4y′ + 4y = 0 λ1 = λ2 = 2 {e2t, t e2t}
D y′′ + 4y = 0 λ1,2 = ±2i {cos 2t, sin 2t}
E y′′ − 2y + 10 = 0 λ1,2 = 1± 3i {et cos 3t, et sin 3t}

Určete, v jakém tvaru byste pro jednotlivé př́ıpady A až E hledali yP pro dané pravé strany (v následuj́ıćı
tabulce s řešeńım si zakryjte všechny sloupce kromě prvńıho a určete je sami):

PS z standard. yP spec. yP

2 0 a B: t a
e−3t -3 a e−3t A,B: t a e−3t

e2t 2 a e2t A: t a e2t, C: t2a e2t

t 0 at+ b B: t (at+ b)
2t2 + 1 0 at2 + bt+ c B: t (at2 + bt+ c)
cos 2t 2i a cos 2t+ b sin 2t D: t (a cos 2t+ b sin 2t)
t cos 2t 2i (at+ b) cos 2t+ (ct+ d) sin 2t D: t ((at+ b) cos 2t+ (ct+ d) sin 2t)

sin t i a sin t+ b cos t
t cos 2t+ sin 2t 2i (at+ b) cos 2t+ (ct+ d) sin 2t D: t ((at+ b) cos 2t+ (ct+ d) sin 2t)

et sin 3t 1 + 3i et(a cos 3t+ b sin 3t) E: t et(a cos 3t+ b sin 3t)
et cos 2t 1 + 2i et(a cos 2t+ b sin 2t)
t e2t 2 (at+ b) e2t A: t (at+ b) e2t, C: t2 (at+ b) e2t

(t+ 1) cos 3t 3i (at+ b) cos 3t+ (ct+ d) sin 3t

poznámka: ve druhém sloupci v tabulce je uvedeno komplexńı č́ıslo z charakterizuj́ıćı pravou stranu PS
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